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Thin-film superconducting transmission lines play important roles in many signal transmission and
detection systems, including qubit coupling and read-out schemes, electron spin resonance systems,
parametric amplifiers, and various ultra high sensitivity detectors. Here we present a rigorous
method for computing the electromagnetic behaviour of superconducting microstrip transmission
lines and coplanar waveguides. Our method is based on conformal mapping, and is suitable for
both homogeneous superconductors and proximity-coupled multilayers. We also present an effective
conductivity approximation of multilayers, thereby allowing the multilayers to be analysed using
existing electromagnetic design software. We compute the numerical results for Al-Ti bilayers and
discuss the validity of our full computation and homogeneous approximation.
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I. INTRODUCTION
Thin-film transmission lines using superconducting
materials have been integrated in a number of impor-
tant applications to achieve low noise, high sensitivity
signal transmission and detection capabilities. Sub-gap
applications, focusing on frequencies below the supercon-
ductor pair-breaking threshold, benefit from high qual-
ity transmission characteristic of superconductors, while
above-gap applications exploit the superconductor pair-
breaking responses [1]. In the field of quantum comput-
ing, superconducting transmission lines are integrated
in a number of proposed qubit coupling and readout
schemes [2–4]. High quality superconducting lines have
also been incorporated in electron spin resonance (ESR)
systems to drive and detect spin resonance [5], and to
achieve quantum limited sensitivity in ESR spectroscopy
[6]. In the field of detector physics, applications include
travelling wave parametric amplifiers [7], tunnel junction
detectors [8], particle detectors in accelerators [9], and
kinetic inductance detectors (KIDs) for astronomy ob-
servations [10], neutrino decay identifications [11], and
dark matter searches [12].
Recently, there has been increased interest in
proximity-coupled multilayer transmission-lines [13–15].
These proximity-coupled multilayers demonstrate desir-
able qualities such as tuneable gaps (and thus detection
frequency thresholds), protection of vulnerable material
through usage of self-passivating outer layers, and greater
control over acoustic impedance matching [15, 16]. Mul-
tilayers may also provide control over strain in ESR sys-
tems through combinations of materials with different
thermal expansion properties [5, 17].
A comprehensive model of homogeneous superconduct-
ing microstrip transmission line (MTL) has previously
been published by Yassin and Withington [18]. The
model has been applied in various experimental designs
and demonstrates good fit with experimental results [19–
21]. The model is limited to homogeneous supercon-
ducting MTL and cannot be directly applied to copla-
nar waveguide (CPW) devices or asymmetric multilayer
devices.
In this paper, we extend the model in [18] to CPW
geometries, as well as allowing the model to incorporate
both homogeneous as well as multilayer thin-films. We
also present a weighted-average approximation which al-
lows a multilayer to be approximated by a homogeneous
material with an effective conductivity, thereby allowing
the inclusion of multilayers in existing design routines.
In section II, we describe a general framework for
analysing superconducting transmission lines without ap-
pealing to any particular geometry. In section III and
section IV, we describe the application of this framework
to MTL and CPW respectively, with a detailed discus-
sion on the conformal mapping transformations involved.
We present our solution both in the form of full numer-
ical integrals, as well as in the form of analytic approx-
imations. Selected numerical results of the full integrals
are presented in section V. Results demonstrate that, at
sub-gap frequencies, the full multilayer solution is well
approximated by the effective conductivity approxima-
tion. We summarize this work in section VI.
II. GENERAL ANALYSIS
A. Surface Impedances
In the case of homogeneous superconductors, the sur-
face impedance Zs can be calculated from the BCS the-
ory. The Mattis-Bardeen formulation [22] is first used to
calculate the complex conductivities σ = σ1 − jσ2. The
complex surface impedance can then be obtained using
[23]
Zs =
(
jωµ0
σ
)
coth[(jωµ0σ)
1/2t], (1)
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2where t is the thickness of the homogeneous supercon-
ducting film, µ0 is the vacuum permeability, and ω is the
signal angular frequency.
In the case of multilayer superconductors, the follow-
ing analysis routine can be used to obtain the different
surface impedances looking into the upper and lower sur-
faces, which are Zs,u and Zs,l respectively:
1. Green’s functions θ(~ω, x) due to the superconduct-
ing proximity effect are found by solving the Usadel
equations [24] for the particular layer combinations,
where ~ is the reduced Plack constant, and x is the
position coordinate.
2. The complex conductivities σ(~ω, x) are found
by integrating the Green’s functions using Nam’s
equations [25].
3. Surface impedances are then found by dividing the
multilayer into thin layers of thickness δx, and then
cascading the resultant transfer matrices along the
multilayer:[
vs
is
]
=
∏
all layers
[
1 jωµ0δx
σ(~ω, x)δx 1
] [
v0
i0
]
, (2)
where v0 and i0 are the potential difference and
current respectively at the open boundary facing
away from incoming radiation, v0/i0 = Z0 is the
impedance of free space, vs and is are the poten-
tial difference and current respectively at the open
boundary facing towards incoming radiation, and
the surface impedance is given by vs/is = Zs. The
ordering of the thin layers in the cascade determines
which of Zs,u and Zs,l is obtained.
A detailed discussion of the above methodology, as well as
an analysis of numerical results for Al-Ti multilayers, can
be found in [14]. We approximate the surface impedances
of the multilayer side edges as (Zs,u +Zs,l)/2. This first-
order approximation is accurate when a multilayer ap-
proaches the homogeneous limit, where Zs,u = Zs,l. As
this study focuses on thin-film superconducting transmis-
sion lines, where the edge contribution is small compared
to that of upper and lower surfaces, deviation of this ap-
proximation from the full solution is small.
Figure 1 shows geometries of multilayer MTL and
CPW, as well as the surface impedances of each sys-
tem. The surface impedances looking into upper and
lower sides of a multilayer, in general, are not the same,
Zs,u 6= Zs,l. Previous theories of superconducting trans-
mission lines do not take into account this difference in
surface impedances. Thus, extensions of existing theories
have to be made to properly analyse multilayer transmis-
sion line systems.
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FIG. 1. Top: geometry of a multilayer microstrip transmis-
sion line. Bottom: geometry of a multilayer coplanar waveg-
uide.
B. Transmission Line
The general forms of the series impedance and shunt
admittance of a transmission line are given by [26]
Z = j(k0η0)g1 + 2
∑
n
g2,nZs,n (3)
Y = j
(
k0
η0
)(
fm
g1
)
, (4)
where k0 is the free-space wavenumber, η0 is the
impedance of free-space, subscript n identifies supercon-
ductor surfaces, which in later sections are upper, lower,
and ground surfaces, denoted by subscripts u, l, and g re-
spectively, fm is the effective modal dielectric constant,
which is given by existing normal conductor transmission
line theories, for example [27, 28]. g1 and g2 are geo-
metric factors to be determined in subsequent sections
for specific geometries. The characteristic impedance is
given by η = (Z/Y )1/2. The propagation constant is
given by γ = α + jβ = (ZY )1/2, where α is the atten-
uation constant and β is the phase constant. This al-
lows us to calculate the overall superconducting effective
dielectric constant eff = (cγ/ω)
2
, and the loss tangent
tan δ = −Im(eff)/Re(eff).
g1 is characteristic of the field distribution external to
the transmission line, and is related to the quasi-static
3capacitance of the transmission line [29] by
g1 =
0
Cvac
, (5)
where Cvac is the in vacuo capacitance when the dielectric
and substrate of the transmission line have their relative
permittivity values set to unity.
g2 is characteristic of the field penetration into the su-
perconductor [18]. We now introduce a new variable
ψn = g2,n/g1 . (6)
We compare the attenuation constant obtained from
α = Re[(ZY )1/2] against α obtained from integrating
the electric fields [30],
α =
∑
n
Pc,n
2P
(7)
=
fm
1/2
2η0
∑
n
∫
n
|E(z)|2ds∫
ext
|E(z)|2dA Rs,n , (8)
where Pc is the power dissipated in the conductors per
unit length, P is the time-averaged power flow across
the transmission line cross-section, E(z) is the electric
field in z-plane, the top integral of length element ds is
along the cross-section of superconductor surface n, and
the bottom integral of area element dA is across all area
external to the superconductors. The cross-sections of
a MTL and a CPW are shown in the top subfigures of
figure 2 and 3 respectively. From this comparison, we
observe that
ψn =
1
2
∫
n
|E(z)|2ds∫
ext
|E(z)|2dA . (9)
The dispersion and attenuation characteristics of a su-
perconducting transmission line are fully known once g1
and ψn are found using appropriate conformal transfor-
mations, and Zs using the methods described in sec-
tion II A.
Care must be taken when performing calculations to
find ψn using conformal mapping, since the power loss
integration in the numerator of equation (9) is not in-
variant under a conformal transformation. The following
relevant results are derived in [30]:
|E(z)||dz| = |E(w)||dw| (10)
|E(z)|2|dAz| = |E(w)|2|dAw| (11)
|E(z)|2|dz| = |E(w)|2|dw|
∣∣∣∣dwdz
∣∣∣∣ , (12)
where the w-plane and the z-plane are related by con-
formal mapping, |x| refers to taking the magnitude of x,
dw and dz are small length elements in the w-plane and
z-plane respectively, and dAw and dAz are small area
elements in the w-plane and z-plane respectively.
C. Multilayer Weighted-Average Approximation
The superconductor pair-breaking potential ∆g, for a
specific layer-thickness configuration, is sometimes ob-
tained without solving the Usadel equations directly (for
example via a look-up table/plot, or through experimen-
tal measurements), or is obtained by solving the Usadel
equations only at frequencies close to the gap (to sig-
nificantly reduce computation time). In these cases, the
following approximation may be used to obtain the trans-
mission line behaviour of superconducting multilayers.
The effective conductivity is calculated using
σe =
1
ttotal
∑
i
σiti , (13)
where ttotal =
∑
i ti, and suffix i indicates the ith layer.
This is the intuitive result which can be obtained from
considering a parallel combination of layers. From σe,
one can proceed with the surface impedance calculations
as if the material is homogeneous and has superconduct-
ing gap ∆g, normal state conductivity σe, and thickness
ttotal.
As we demonstrate, the homogeneous approximation
fits well with the full calculation. The sub-gap behaviour
of proximity-coupled transmission lines can now be effec-
tively modelled without having to perform the full calcu-
lations outlined in section II A.
III. MICROSTRIP TRANSMISSION LINE
CALCULATIONS
A. Conformal Mapping
Two Schwarz-Christoffel transformations, detailed in
[29, 31], are needed to analyse a finite thickness MTL.
With reference to figure 2, a MTL with width w, thick-
ness t, and dielectric height h in the z-plane is trans-
formed into an infinitely thin, narrow gap slot-line in the
w-plane. The metric coefficient of this transformation is
dw
dz
=
pi
h
p1/2
w
(w + 1)1/2(w + p)1/2
, (14)
where p = 2b2 − 1 + 2b(b2 − 1)1/2, and b = 1 + t/h.
Afterwards, the slot-line is transformed into a pair of
infinitely thin parallel plates in the z′-plane, with both
plates having very similar plate width. The metric coef-
ficient of this transformation is
dz′
dw
=
1
pi
ra(a
2 − 1)
(ra + aw)(ara + w)
, (15)
where a = rb/ra + [(rb/ra)
2 − 1]1/2.
Here ra is closely approximated by
ln(ra) =− 1− piw
2h
− p+ 1
p1/2
tanh−1
(
p−1/2
)
(16)
− ln
(
p− 1
4p
)
,
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FIG. 2. Conformal mapping transformations for a microstrip
transmission line. Here z = x + jy, w = u + jv, and z′ =
x′ + jy′. Top: microstrip transmission line in z-plane; Mid:
microstrip transmission line transformed into slot-line in the
w-plane; Bottom: slot-line transformed into parallel plates in
the z′-plane.
and rb is closely approximated by
rb = rbo (17)
for w/h ≥ 5, and
rb =rbo − [(rbo − 1)(rbo − p)]1/2 (18)
+ (p+ 1) tanh−1
(
rbo − p
rbo − 1
)1/2
− 2p1/2 tanh−1
(
rbo − p
p(rbo − 1)
)1/2
+
piw
2h
p1/2
otherwise, where
rbo =Λ +
p+ 1
2
ln Γ (19)
Λ =p1/2
{
piw
2h
+
p+ 1
2p1/2
[
1 + ln
(
4
p− 1
)]
(20)
−2 tanh−1 p−1/2
}
Γ = max(Λ, p) , (21)
and max(Λ, p) returns the larger of the two arguments.
B. Evaluation of Geometric Factors
The parallel-plate capacitance calculation has been
performed by Chang [29, 31], and is given by
Cvac =
20
pi
ln
(
2rb
ra
)
. (22)
Using equation (5), we thus have
g1 =
pi
2
1
ln (2rb/ra)
(23)
To find ψ, equation (9) is evaluated in the w-plane. We
note here that E(z′) is approximately the electric field of
a pair of non-fringing parallel plates, and that rb  ra.
Hence the field in the w-plane is given by
|E(w)| = |E(z′)|
∣∣∣∣dz′dw
∣∣∣∣ (24)
=
hE0
pi
∣∣∣∣ 2rbw(w + 2rb)
∣∣∣∣ ,
where E0 is the resultant constant field when the MTL
width tends to infinity. The denominator of ψ can be
directly calculated in the z′-plane, and is given by∫
ext
|E|2dAz′ = h
2E20
pi
ln
(
2
rb
ra
)
. (25)
We find the following contributions to ψn:
ψu =
1
2h
1
ln (2rb/ra)
(26)
×
[∫ −rb
−p
+
1
2
∫ −p
−1
]
4r2bp
1/2
|(2rb + w)2w(w + 1)1/2(w + p)1/2| |dw|
ψl =
1
2h
1
ln (2rb/ra)
(27)
×
[∫ −1
−ra
+
1
2
∫ −p
−1
]
4r2bp
1/2
|(2rb + w)2w(w + 1)1/2(w + p)1/2| |dw|
ψg =
1
2h
1
ln (2rb/ra)
×
∫ rb
ra
(28)
4r2bp
1/2
|(2rb + w)2w(w + 1)1/2(w + p)1/2| |dw| .
In accordance with [18], we can approximate the ψn in-
5tegrals with the following analytic formulae.
ψu =
Iu + pi/2
KMS
(29)
ψl =
Il + pi/2
KMS
(30)
ψg =
Ig
KMS
, (31)
where
Iu = ln
(
rb(1− p)
2p+ 2[p(1− rb)(p− rb)]1/2 − (p+ 1)rb
)
(32)
Il = ln
(
2p+ 2[p(1− ra)(p− ra)]1/2 − (p+ 1)ra
ra(p− 1)
)
(33)
Ig = ln
[(
rb
2p+ 2[p(1 + rb)(p+ rb)]1/2 + (p+ 1)rb
)
×
(
2p+ 2[p(1 + ra)(p+ ra)]
1/2 + (p+ 1)ra
ra
)]
,
(34)
KMS = 2h ln(rb/ra) for w/h < 2 (35)
KMS = 2h ln(2rb/ra) otherwise.
Using equation (6), g1 and ψu,l,g can then be substituted
into equations (3,4) to compute the transmission line be-
haviour of the MTL.
IV. COPLANAR WAVEGUIDE
CALCULATIONS
A. Conformal Mapping
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FIG. 3. The first conformal mapping for CPW which flattens
the lower half of a finite thickness CPW into an infinitely thin
CPW. Here z = x + jy, w = u + jv, and d is the length of
the flattened CPW half-edge in the w-plane, and its value is
given by equation (42).
Two Schwarz-Christoffel conformal transformations
are needed to analyse a finite-thickness CPW. The first
transformation, shown in figure 3, flattens the lower half
of a CPW of inner strip width 2a, ground plane sepa-
ration 2b, and thickness 2t into an infinitely thin CPW,
using the transformation metric
dz
dw
=
[
(w2 − w′21 )(w2 − w′22 )
(w2 − w21)(w2 − w22)
]1/2
. (36)
To preserve symmetry, this transformation flattens half
of the CPW along y = t. The second transformation,
w-plane
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𝐴
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𝑢
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𝐵 𝐶 𝐷
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𝑗𝑦𝑝
𝐴
𝐵 𝐶
𝐷
𝑊/2
𝑊/2 + 𝑗𝐻
FIG. 4. The second conformal mapping for CPW which
transforms an infinitely thin CPW into a pair of parallel
plates. Here w = u+ jv and zp = xp + jyp.
shown in figure 4, transforms this thin CPW into a pair
of parallel plates, using the transformation metric
dzp
dw
=
[
1
(w2 − w21)(w2 − w22)
]1/2
. (37)
The width and height of the parallel plates in the zp-
plane are given by W = 2K(k)/b and H = K(k′)/b re-
spectively, where k = w1/w2, k
′ = (1− k2)1/2, and K(k)
is the complete elliptical integral of the first kind.
In general, w1, w
′
1, w2, and w
′
2 have to be obtained
by numerically solving the following system of equations,
6derived from equation (36):
a =
∫ w′1
0
dz
dw
dw (38)
jt =
∫ w1
w′1
dz
dw
dw (39)
b =
∫ w′2
0
dz
dw
dw (40)
jt =
∫ w2
w′2
dz
dw
dw. (41)
In the case where the CPW thickness is much smaller
than the gap width b − a, a good approximation of the
points in the w-plane is given in [32]:
w1 − w′1 = w′2 − w2 = d =
2
pi
t (42)
w1 = a+
d
2
− d
2
ln
d
a
+
3
2
d ln 2− d
2
ln
a+ b
b− a (43)
w2 = b− d
2
+
d
2
ln
d
b
− 3
2
d ln 2 +
d
2
ln
a+ b
b− a. (44)
B. Evaluation of Geometric Factors
The capacitance of an infinitely thin CPW in vacuo
is well known [33]. Here we note that the pair of CPW
transformations should be applied twice in total, for the
upper and the lower half of the finite thickness CPW.
Hence the total capacitance is given by
Cvac = 40
K(k)
K(k′)
. (45)
An accurate approximation of the ratio K(k)/K(k′) can
be found in [34]:
K(k)
K(k′)
=
pi
ln
[
2 1+k
′1/2
1−k′1/2
] for 0 ≤ k ≤ 1√
2
(46)
K(k)
K(k′)
=
ln
[
2 1+k
1/2
1−k1/2
]
pi
for
1√
2
≤ k ≤ 1.
Again using equation (5), we have
g1 =
K(k′)
4K(k)
(47)
Before evaluating equation (9), it is important to note
that each half plane of CPW contains a half of total power
flow, a half of ground plane loss, and a single unit of
upper or lower strip loss. The denominator of ψ can be
calculated in the zp-plane, and is given by∫
ext
|E|2dAZp =
2
b2
E20K(k)K(k
′) . (48)
The numerator of equation (9) can then be evaluated in
the w-plane using equation (12), which is the appropriate
transformation rule. Numerically, we find the following
contributions to ψ:
ψu = ψl =
b2
4K(k)K(k′)
∫ w1
0
∣∣∣∣∣
(
dzp
dw
)2
dw
dz
∣∣∣∣∣ dw (49)
ψg =
b2
2K(k)K(k′)
∫ ∞
w2
∣∣∣∣∣
(
dzp
dw
)2
dw
dz
∣∣∣∣∣ dw. (50)
The above integrals can be approximated by a scheme
detailed in [35, 36]. We obtain
ψu,l =
1
8K(k)K(k′)(1− k2)
×
[
pi
a
+
1
a
ln
(
8a
d
)
+
1
b
ln
(
b− a
b+ a
)]
(51)
ψg =
1
4K(k)K(k′)(1− k2)
×
[
pi
b
+
1
b
ln
(
8b
d
)
+
1
a
ln
(
b− a
b+ a
)]
. (52)
Using equation (6), g1 and ψu,l,g can then be substituted
into equations (3,4) to compute the transmission line be-
haviour of the CPW.
V. COMPUTATIONAL RESULTS
The analysis described in the previous sections is ap-
plied to bilayer Al-Ti systems of variable thickness combi-
nations. Al-Ti multilayers are chosen for this analysis be-
cause of their stability to corrosion, their long quasipar-
ticle lifetimes, and their potential to be incorporated in
important applications including: sub-100 GHz Cosmic
Microwave Background observations [13, 14], low red-
shift CO lines measurements at around 100 − 110 GHz
[14, 37, 38], and phonon-mediated bolometric experi-
ments searching for neutrinoless double-β decay [15]. Full
numerical integration is performed here using MatLab
without applying the analytic approximations.
A. Physical Parameters
Table I presents the physical parameters used in nu-
merical calculations. Using the method discussed in [14],
we calculate Zs,u and Zs,l for bilayer configurations with
tTi = 100 nm, tAl = 25, 100, 200 nm, where tTi indi-
cates thickness of the titanium layer, and tAl indicates
thickness of the aluminum layer. Typical behaviour of
Zs,u is shown in figure 5. Using these results, we carry
out the transmission line calculations discussed in previ-
ous sections. Calculations are performed at T = 0.1 K,
γB,Al = 0.01, where γB,Al = RBσN,Al/ξAl, RB is the
product of the boundary resistance between the Al-Ti
7TABLE I. Table of material properties.
Aluminium Titanium
Tc (K) 1.2
a 0.55a
σN (/µΩ m)
b 132a 5.88a
RRR c 5.5a 3.5a
n0 (10
47/J m3) 1.45d 1.56d
D (m2s−1) 35e 1.5e
ξ (nm) 189f 57f
a Measurements by the Cambridge Quantum Sensors Group.
b σN is the normal state conductivity.
cRRR is the residual resistivity ratio.
d n0 is the normal state electron density of states, and is calcu-
lated from the free electron model [39].
e Diffusivity constant D is calculated using Ds = σN,s/(n0,se
2)
[40].
f Coherence length ξ is calculated using ξs = [~Ds/(2pikBTc)]1/2
[41], where kB is the Boltzmann constant.
layers and the boundary area. γB,Al = 0.01 is chosen as
a representative value of general clean boundary param-
eters.
100 101 102 103
f (GHz)
0
0.1
0.2
0.3
0.4
Z
s,
u
 (
)
a
b
c
a
b
c
FIG. 5. Surface impedance Zs,u of Al-Ti bilayers with tTi =
100 nm, T = 0.1 K and γB,Al = 0.01. The Al layer is the
upper layer. Solid lines indicate surface resistance Rs; dashed
lines indicate surface reactance Xs. (a) red line, tAl = 25 nm,
(b) blue line, tAl = 100 nm, (c) magenta line, tAl = 200 nm.
Zs,l is qualitatively similar and is not shown for clarity.
B. Bilayer Microstrip Transmission Line Results
The MTL geometry explored here has dimensions w =
2µm, h = 300 nm, r = 3.8 representative of SiO2, and
ground plane thickness tg = 1µm. Total MTL thick-
ness is given by the sum of individual layer thicknesses
ttotal = tAl + tTi. fm(f) is taken from Edwards’ and
Owens’ empirical formula [27]. The ground plane mate-
rial is aluminium.
Our bilayer system has two homogeneous asymptotic
limits according to the thickness combinations explored
10-6
104
 
(m
-
1 )
e
d
c
b
a
100 101 102
f (GHz)
102
104
 
(m
-
1 )
e
d
c
b a
FIG. 6. Propagation constant γ = α + jβ of Al-Ti bilayer
microstrip transmission lines against frequency f for tTi =
100 nm, T = 0.1 K and γB,Al = 0.01. The Al layer is the
upper layer. Solid lines in the upper figure indicate α; dashed
lines in the lower figure indicate β. (a) red line, tAl = 25 nm,
(b) blue line, tAl = 100 nm, (c) magenta line, tAl = 200 nm,
(d) black line, pure titanium at 100 nm, (e) green line, pure
aluminium at 10µm.
here: 100 nm pure Ti and infinitely thick pure Al. Fig-
ure 6 confirms that the bilayer propagation constants are
indeed in between their homogeneous asymptotic values.
The attenuation constants α (solid lines in the upper
plot) are strongly frequency dependent, sharply increas-
ing in magnitude above the pair-breaking frequencies.
Figure 7 shows the calculated characteristic
impedances of the bilayer MTLs studied. The bi-
layer impedances lie in between their BCS asymptotes.
Such calculations allow the possibility of tuning a
superconducting transmission line using proximity layers
to achieve the desired characteristic impedances (for
example to 50 Ω). Line (d) demonstrates the strongest
frequency-dependent features. This is because its series
impedance is dominated by the strongly frequency-
dependent surface impedance term, i.e. the second term
of equation (3). In contrast, line (e) is almost featureless.
This is because its series impedance is dominated by the
frequency-independent geometry term, i.e. the first term
of equation (3).
Figure 8 demonstrates the effective conductivity ap-
proximation described in section II C. The main plot fo-
cuses on the sub-gap behaviour of approximated char-
acteristic impedances, plotted against different thickness
configurations. 3 GHz is used here as a representative
value of sub-gap frequencies relevant to KIDs and qubit
operations. The approximation works well throughout
the range of Al thicknesses. The approximation is most
accurate when tAl ≈ tTi. The inset shows that the ef-
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FIG. 7. Characteristic impedance η of Al-Ti bilayer mi-
crostrip transmission lines against frequency f for tTi =
100 nm, T = 0.1 K and γB,Al = 0.01. The Al layer is the upper
layer. (a) red line, tAl = 25 nm, (b) blue line, tAl = 100 nm,
(c) magenta line, tAl = 200 nm, (d) black line, pure titanium
at 100 nm, (e) green line, pure aluminium at 10µm.
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FIG. 8. Characteristic impedance η of Al-Ti bilayer mi-
crostrip transmission lines against Al thickness tAl for tTi =
100 nm, T = 0.1 K, γB,Al = 0.01, at f = 3 GHz. (a) cross, red
line, Al layer on top, (b) circle, black line, Ti layer on top,
(c) diamond, blue line, effective conductivity approximation.
Inset: η against frequency f for tTi = 100 nm, tAl = 100 nm
device. (a) red line, Al layer on top, (b) black line, Ti layer
on top, (c) blue line, effective conductivity approximation.
fective conductivity approximation works well across a
wide range of frequencies. A homogeneous material has
no preferred orientation. Hence the best approximation
should lie in between the full calculations with oppo-
site layer ordering. Slight deviation occurs at frequen-
cies close to the pair-breaking frequencies. This is due
to the fact that proximity-coupled multilayers have sig-
nificantly different densities of states (DoS) close to the
pair-breaking energy gap. A more detailed discussion on
the shape of DoS in multilayers can be found in [14].
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FIG. 9. Propagation constant γ = α + jβ of Al-Ti bilayer
microstrip transmission lines against frequency f for tTi =
100 nm, tAl = 100 nm, T = 0.1 K and γB,Al = 0.01. The
Al layer is the upper layer. Solid lines in the upper figure
indicate α; dashed lines in the lower figure indicate β. (a) red
line, Al layer on top, (b) black line, Ti layer on top, (c) blue
line, effective conductivity approximation.
Figure 9 shows the propagation constants obtained
from the effective conductivity approximation, and that
obtained from full calculations of multilayer surface
impedances. β is well approximated, whilst α demon-
strates a similar degree of deviation compared to the ap-
proximations of η shown in figure 8. Since similar devi-
ation information is conveyed by plots of η and plots of
the propagation constants, the figures in later discussions
will focus mainly on the behaviour of η.
Figure 10 shows the width dependence of the charac-
teristic impedance η, at f = 3 GHz. The inset shows
that the effective conductivity approximation works well
throughout a wide range of MTL widths. The 3 GHz
impedances remain in between the values obtained from
reversing the layer ordering.
C. Bilayer Coplanar Waveguide Results
The CPW geometry explored here has dimensions
a = 1µm, b = 2µm, r = 11.7 representative of Si,
and substrate height h = 200µm. The CPW central
strip thickness is given by the sum of the individual layer
thicknesses ttotal = tAl + tTi = 2t. The ground strip
has the same thickness as the conductor strip. fm(f) is
computed from a tabulation of formulae in chapter 7 of
[28], taking into account finite substrate thicknesses, non-
zero strip thicknesses, and dispersive behaviour. Note
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FIG. 10. Characteristic impedance η of Al-Ti bilayer mi-
crostrip transmission lines against conductor strip width w
for tTi = 100 nm, T = 0.1 K, γB,Al = 0.01, at f = 3 GHz.
The Al layer is the upper layer. (a) red line, tAl = 25 nm,
(b) blue line, tAl = 100 nm, (c) magenta line, tAl = 200 nm,
(d) black line, pure titanium at 100 nm, (e) green line, pure
aluminium at 10µm. Inset: η against conductor strip width
w for tTi = 100 nm, tAl = 100 nm, T = 0.1 K, γB,Al = 0.01,
at f = 3 GHz. (a) solid red line, Al layer on top, (b) solid
black line, Ti layer on top, (c) dashed blue line, effective con-
ductivity approximation.
that due to the symmetry of the conformal mapping in
vacuo, the transmission line properties of a CPW bilayer
are not affected by layer orientation. The behaviour of γ
is qualitatively similar to that of MTL, and is not shown
here.
The effective conductivity approximation is applied to
CPW geometry, and compared against the full calcula-
tion in figure 11. The approximation performs better for
CPW than for MTL. This is primarily due to the fact that
CPW geometry is not sensitive to layer orientation. The
homogeneous approximation is intrinsically orientation-
insensitive, and thus performs better when approximat-
ing an orientation-insensitive geometry as opposed to an
orientation-sensitive geometry.
In the next set of calculations, the width of the con-
ductor strip has been varied across the range of 2a =
200 − 2000 nm, whilst the gap has been kept constant
at b − a = 1µm. At comparable total conductor strip
widths (w for MTL and 2a for CPW), CPW has consis-
tently higher characteristic impedances, as seen in com-
paring figure 12 with figure 10. Further, the inset shows
that the effective conductivity approximation works well
across a wide range of strip widths.
VI. DISCUSSION AND CONCLUSIONS
In this study, we have presented a treatment of su-
perconducting MTL and CPW that is suitable for ho-
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FIG. 11. Characteristic impedance η of Al-Ti bilayer copla-
nar waveguides against Al thickness tAl for tTi = 100 nm,
T = 0.1 K, γB,Al = 0.01, at f = 3 GHz. (a) cross, red line,
full calculation, (b) diamond, blue line, effective conductivity
approximation. Inset: η against frequency f for tTi = 100 nm,
tAl = 100 nm. (a) red line, full calculation, (b) blue line, ef-
fective conductivity approximation.
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FIG. 12. Characteristic impedance η of Al-Ti bilayer
coplanar waveguides against conductor strip half-width a for
tTi = 100 nm, T = 0.1 K, γB,Al = 0.01, at f = 3 GHz. (a) red
line, tAl = 25 nm, (b) blue line, tAl = 100 nm, (c) magenta
line, tAl = 200 nm, (d) black line, pure titanium at 100 nm,
(e) green line, pure aluminium at 10µm. Inset: η against
conductor strip half-width a for tTi = 100 nm, tAl = 100 nm,
T = 0.1 K, γB,Al = 0.01, at f = 3 GHz. (a) solid red line,
full calculation, (b) dashed blue line, effective conductivity
approximation.
mogeneous superconductors as well as proximity-coupled
multilayers. Our analysis is based on conformal mapping
and takes into account the thicknesses of transmission
lines. We have also presented a simple weighted-average
approximation, which allows a multilayer to be modelled
10
by a homogeneous material with an effective conductiv-
ity. Our results for MTL converge to that of [18] in the
limit that the conductor strip and the ground plane are
made of the same homogeneous material. Our analytic
forms of CPW attenuation constants agree with the re-
sults in [35, 36] for a homogeneous CPW completely sur-
rounded by a single dielectric material, the results in [42]
when b − a  a, and the results in [43] for rectangular
CPW edges. These agreements in the appropriate limits
give confidence to the validity of this work. In addition,
our treatment of CPW gives the full propagation con-
stants which are not found in previous works.
In summary, series impedances and shunt admittances
are calculated from equations (3-4). The effective con-
ductivity approximation is given in equation (13). For
MTL devices, g1 is calculated from equation (23), and ψn
is calculated from equations (26-28). For CPW devices,
g1 is calculated from equation (47), and ψn is calculated
from equations (49-50).
We have applied our analysis routine to Al-Ti bilayers
of varying thicknesses, and found that our effective con-
ductivity approximation works well for both MTL and
CPW geometries.
Future design procedures of superconducting
MTL/CPW can utilize this analysis routine to reduce the
time and resources spent on empirical characterisations.
Calculations of characteristic impedances could be used
in computer-aided design packages, and could benefit
systems that require impedance matching; calculations
of loss tangents allow predictions on transmission line
sensitivity; calculations of series impedances and shunt
admittances allow modelling of transmission line systems
via telegrapher’s equations, for example, in parametric
amplifier simulations [44].
The analysis framework of this study, in the context
of homogeneous MTL, has previously been applied and
verified by various experiments [19–21]. We thus expect
this work to be similarly applicable and valuable to future
scientific studies involving superconducting transmission
lines.
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